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The transversity of the full gluon self-energy has been investigated. We have derived the equation
of motion for the full gluon propagator on account of the mass scale parameter called, the mass
gap. It is dynamically generated by the self-interaction of the massless gluon modes. We identify
the mass gap with the tadpole/seagull term, which is explicitly present in the full gluon self-energy.
The existence of the mass gap separates the massive solution for the full gluon propagator from its
massless counterpart at any gauge. The functional dependence of the gauge-fixing parameter for
the massive solution is uniquely fixed, so we introduce and derive a generalized t’ Hooft gauge. The
non-perturbative multiplicative renormalization program for the massive full gluon propagator has
been developed. All this made it possible to formulate novel analytical non-perturbative approach
to QCD, which we call the mass gap approach. It explains/predicts the existence of a new type
of the gluon degrees of freedom in the QCD vacuum. These are gluons with exactly defined pole
masses, and they are different from the excitations with effective gluon masses. We argue that our
approach does not allow massive gluons to appear as physical states at large distances at any finite
gauge (confinement of massive gluons). QCD is a spontaneously/dynamically broken gauge theory
in its ground state, but remains renormalizable within our approach.
PACS numbers: 11.10.Gh, 11.15.-q, 11.15.Tk, 12.38.-t, 12.38.Lg
I. INTRODUCTION
Quantum Chromodynamics (QCD) is widely accepted as the well-working, quantum field gauge theory of the strong
interactions, which works not only at the fundamental (microscopic) quark-gluon level, but at the more complex
hadronic (even macroscopic) level as well [1–7]. This theory should describe the properties of the observed hadrons
in terms of the non-observable quarks and gluons from first principles. In parallel, it should be complemented by the
quark model (QM), which treats the strongly-interacting particles (baryons and mesons) as bound-states of quarks,
emitting and absorbing gluons. This purpose still remains a formidable task because of the multiple dynamical and
topological complexities of low-energy particle physics, originated from QCD and its ground state.
One of the main dynamical problems at the fundamental quark-gluon level is the origin of the mass scale parameter,
since the QCD Lagrangian forbids such kind of term apart from the current quark mass. We call it the mass gap after
Jaffe and Witten (JW) [8]. Let us note in advance that our mass gap coincides with the JW’s one by properties, but
not by definition. Here we focus on the mass gap with following primary aims:
(i) to investigate the transversity of the full gluon self-energy in the way not using the perturbation theory (PT);
(ii) to identify the dynamical source of the mass gap with the tadpole/seagull term, which explicitly present in the
full gluon self-energy. It is generated by the self-interaction of massless gluon modes;
(iii) to explore the general possibility that the symmetries of the theory and its ground state may be different;
(iv) to extend the notion of the mass gap to be accounted for the QCD vacuum as well;
(v) to formulate the mass gap approach to QCD;
(vi) to show that it uniquely implies the generalized t’ Hooft gauge for the massive gluon fields.
The massive gluon term M2gAµAµ explicitly violates the SU(3) color gauge invariance of the QCD Lagrangian [1–
5, 9]. Thus, if there is no room in the QCD Lagrangian for the mass scale parameter apart from the current quark
mass, then the only place where it may explicitly appear is the system of dynamical equations of motion. This, the
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2so-called Schwinger –Dyson (SD) system of equations describes the interactions and propagations of quarks and gluons
in the QCD vacuum [2, 9–15]. These equations contain the full dynamical information on QCD. In other words, it is
not enough to know the Lagrangian of the theory, but it is also necessary and important to know the true structure
of its ground state (vacuum). Furthermore, there might be symmetries of the Lagrangian which do not coincide
with symmetries of the vacuum and vice versa. These equations should be also complemented by the corresponding
Slavnov–Taylor (ST) identities, which connect lower- and higher Green’s functions to each other [2, 9–22]. These
identities are consequences of the exact gauge invariance and are important for renormalizability of the QCD. They
”are exact constraints on any solution to QCD” [2]. The SD system of dynamical equations, complemented by the
ST identities, can serve as an adequate and effective tool for the NP analytical approach to QCD. Their investigation
may reveal much more dynamical information on the QCD ground state, than its Lagrangian may provide at all.
In connection to this let us note that there exists another powerful NP approach–the lattice QCD–to calculate the
properties of low-energy particle physics [23]. We believe that these two NP approaches should complement each
other, in order to increase our understanding of quantum field theories of particle physics.
We organize our paper as follows. We introduce the gluon SD equation in Section II. Then we investigate the
transversity of the full gluon self-energy in Section III, where we have shown that the gauge symmetry of the QCD
Lagrangian can be broken in its ground state. In Section IV the mass gap approach to QCD is formulated, following
by the NP renormalization of the massive gluon propagator in Section V. We provide the results in Euclidian metric
for lattice theory comparison in Section VI. In Section VII the full massive gluon propagator in the canonical gauge
is discussed. In Section VIII some important aspects of its structure at the mass-shell have been investigated. We
summarize our results in Section IX and in Section X the perspectives for future are outlined. In Appendix A we
have demonstrated the uniqueness of our approach.
II. THE GLUON SD EQUATION
The propagation of gluons is one of the main dynamical effects in the QCD vacuum. The importance of the
corresponding equation of motion is due to the fact that its solutions are supposed to reflect the quantum-dynamical
structure of the QCD ground state. The gluon SD equation is a highly non-linear (NL) one because of the self-
interaction of massless gluon modes, so the number of its independent solutions is not fixed a priori. These solutions
have to be considered equally. The color gauge structure of the gluon SD equation is present in this section in
more detail. For our purpose it is convenient to begin with the general description of SD equation for the full gluon
propagator Dµν(q). Analytically it can be written down as follows:
Dµν(q) = D
0
µν(q) +D
0
µρ(q)iΠρσ(q;D)Dσν(q), (2.1)
where D0µν(q) denotes the free gluon propagator, while Πρσ(q;D) is the full gluon self-energy which depends on the full
gluon propagator due to the non-abelian character of QCD. Here we omit the color group indices, since for the gluon
propagator (and hence for its self-energy) they factorize, for example Dabµν(q) = Dµν(q)δ
ab. The gluon SD equation in
terms of the corresponding skeleton loop diagrams is shown below on Figure 1.
Here helix/stringy line is for the free gluon propagator, while D denotes its full counterpart. The S with solid
lines denotes the full quark propagator, and Γ denotes the full quark-gluon vertex. G with dashed lines denotes the
full ghost propagator, and Gµ is the full ghost-gluon vertex. Finally, T3 and T4 denote the full three and four-gluon
vertices, respectively. Figure 1 shows that the full gluon self-energy is the sum of a few terms, namely
Πρσ(q;D) = Π
q
ρσ(q) + Π
gh
ρσ(q) + Π
t
ρσ(D) + Π
(1)
ρσ (q;D
2) + Π(2)ρσ (q;D
4) + Π(2
′)
ρσ (q;D
3), (2.2)
where Πqρσ(q) describes the skeleton loop contribution for the quark degrees of freedom as an analogue of the vacuum
polarization tensor in quantum electrodynamics (QED). Note that in this term and below the superscript ’q’ means
quark (not to be mixed up with the gluon momentum variable q). The Πghρσ(q) describes the skeleton loop contribution
associated with the ghost degrees of freedom. Since neither of the skeleton loop integrals depends on the full gluon
propagator D, they represent the linear contribution to the gluon SD equation, and Πtρσ(D) is the so-called constant
skeleton tadpole term. Π
(1)
ρσ (q;D2) represents the skeleton loop contribution, containing the triple gluon vertices
only. Finally, Π
(2)
ρσ (q;D4) and Π
(2′)
ρσ (q;D3) describe topologically independent skeleton two-loop contributions, which
combine the triple and quartic gluon vertices. All these quantities are given by the corresponding skeleton loop
diagrams in Figure 1. The last four terms explicitly contain the full gluon propagators in the corresponding powers
symbolically shown above. They thus form the NL part of the gluon SD equation. The analytical expressions for
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FIG. 1: The SD equation for the full gluon propagator as present in Ref. [9].
the corresponding skeleton loop integrals [24], in which the symmetry coefficients and signs have been included, are
non-important since we are not going to introduce into them any truncations/approximations/assumptions or choose
some special gauge.
For further purposes it is convenient to present the full gluon self-energy (2.2) as follows:
Πρσ(q;D) = Π
q
ρσ(q) + Π
YM
ρσ (q;D) = Π
q
ρσ(q) + Π
g
ρσ(q;D) + Π
t
ρσ(D), (2.3)
where the explicit expression for the tadpole term is
Πtρσ(D) ∼
∫
d4kDαβ(k)T
0
ρσαβ = gρσ∆
2
t (D) (2.4)
and superscript (YM) stands for the purely Yang-Mills part of QCD. The gluon part denoted as Πgρσ(q;D) is the sum
of all other terms in eq. (2.2). Its explicit form is convenient to present below. All the quantities which contribute to
the full gluon self-energy eq. (2.3), and hence eq. (2.4), are tensors, having the dimensions of mass squared. All these
skeleton loop integrals are therefore quadratically divergent in the perturbative regime, and so they are assumed to be
regularized. We note, contrary to QED, QCD being a non-abelian gauge theory can suffer from severe infrared (IR)
singularities in the q2 → 0 limit due to the self-interaction of massless gluon modes. Thus, all the possible subtractions
at zero may be dangerous [2]. That is why in all the quantities below the dependence on the finite (slightly different
from zero) dimensionless subtraction point α is to be understood. In other words, all the subtractions at zero and
the Taylor expansions around zero should be understood as the subtractions at α and the structure of the Taylor
expansions near α, where they are justified to be used. From the technical point of view, however, it is convenient to
put formally α = 0 in all the expressions and derivations below, and to restore the explicit dependence on non-zero
α in all the quantities only at the final stage. At the same time, in all the quantities where the dependence on the
dimensionless ultraviolet (UV) regulating parameter, λ and α is not shown explicitly, nevertheless, it should be also
assumed. For example, Πρσ(q;D) ≡ Πρσ(q;D,λ, α) and similarly for all other quantities. This means that all the
expressions are regularized (they become finite), and thus a mathematical meaning is assigned to all of them. In this
connection, let us underline that the tadpole term (2.4) is quadratically UV divergent constant ∆2t (D), but already
regularized one from below and above as well as all the other such kind of constants which will appear in what
follows. Within our approach nothing will depend on how exactly these regularizing parameters will be introduced.
They will disappear from the theory after the non-perturbative (NP) renormalization program will be performed. For
more detailed description of the general structure and properties of the SD system of equations see the above-cited
references. Let us also remind that the whole gluon momentum range is q2 ∈ [0,∞) and we are working in Minkowski
metric q2 = q20 − q
2.
4III. TRANSVERSITY OF THE FULL GLUON SELF-ENERGY
The first step in the renormalization program of any gauge theory is the removal of the UV quadratic divergences
(if any) in order to make the corresponding theory renormalizable. This can be achieved due to a gauge invariance
by introducing suitable subtraction scheme. In this connection it is worth mentioning that a preliminary step in this
program, namely to regularize our expressions, has been already done by introducing the corresponding regulating
parameters λ and α in the previous Section II. In fact, they symbolize that the regularization can be performed by
any means, but how exactly is not important, as underlined above. So let us start from the contracting the full gluon
self-energy (2.3) with qρ. It can be reduced to the two independent transverse conditions, namely
qρΠρσ(q;D) = qρΠ
q
ρσ(q) + qρ
[
Πgρσ(q;D) + Π
t
ρσ(D)
]
, (3.1)
where the gluon contribution, Πgρσ(q;D) is defined as
Πgρσ(q;D) = Π
gh
ρσ(q) + Π
(1)
ρσ (q;D
2) + Π(2)ρσ (q;D
4) + Π(2
′)
ρσ (q;D
3). (3.2)
Now, we will consider the two independent contributing terms in eq. (3.1) in order.
The quark contribution
Like in QED [25], the QCD current conservation, which flows around closed skeleton quark loop, condition implies
qρΠ
q
ρσ(q) = 0. (3.3)
It is instructive to introduce the subtracted quark contribution to the full gluon self-energy as follows:
Πq(s)ρσ (q) = Π
q
ρσ(q)−Π
q
ρσ(0) = Π
q
ρσ(q)− δρσ∆
2
q , which by definition, Π
q(s)
ρσ (0) = 0, (3.4)
where Πqρσ(0) = δρσ∆
2
q and ∆
2
q is the the corresponding skeleton loop integral at q = 0, which is quadratically UV
divergent, but already regularized constant. Let us remind that here and everywhere below the subtraction at zero is to
be understood in a such way that we subtract at q2 = µ2 with µ2 → 0 final limit. It is worth noting that any subtraction
here and below is adding zero to the corresponding identity. For example, Πqρσ(q) = Π
q
ρσ(q) − Π
q
ρσ(0) + Π
q
ρσ(0) and
denoting Π
q(s)
ρσ (q) = Πqρσ(q)−Π
q
ρσ(0), one obtains (3.4). It means that our subtraction scheme change nothing in the
initial skeleton loop expression, and thus it is a gauge-invariant one.
The general decompositions of the quark part and its subtracted counterpart into the independent tensor structures
look like
Πqρσ(q) = −Tρσ(q)q
2Πqt (q
2) + qρqσΠ
q
l (q
2),
Πq(s)ρσ (q) = −Tρσ(q)q
2Π
q(s)
t (q
2) + qρqσΠ
q(s)
l (q
2). (3.5)
Here and everywhere below all the invariant functions are dimensionless ones of their argument q2: otherwise they
remain arbitrary. However, both invariant functions Π
q(s)
t (q
2) and Π
q(s)
l (q
2) cannot have power-type singularities (or,
equivalently, pole-type ones) at small q2, since Π
q(s)
ρσ (0) = 0, by definition in eq. (3.4). Also, throughout this paper
we use the standard definition Tρσ(q) = gρσ −Lρσ(q) = gρσ − qρqσ/q
2. On account of the subtraction in eq. (3.4) and
(3.5), one obtains
Πqt (q
2) = Π
q(s)
t (q
2)−
∆2q
q2
,
Πql (q
2) = Π
q(s)
l (q
2) +
∆2q
q2
, (3.6)
then the quark contribution to the full gluon self-energy becomes
Πqρσ(q) = −Tρσ(q)
[
q2Π
q(s)
t (q
2)−∆2q
]
+ Lρσ
[
q2Π
q(s)
l (q
2) + ∆2q
]
. (3.7)
5However, from the current conservation condition (3.3) it follows that
Π
q(s)
l (q
2) = −
∆2q
q2
, (3.8)
which is impossible since Π
q(s)
l (q
2) cannot have power-type singularities at small q2, as stressed above. This means
that the quark constant ∆2q is to be disregarded on a general ground, i.e. put formally zero by hand, which also
formally requires that q2Πql (q
2) = q2Π
q(s)
l (q
2) = ∆2q = 0, as it follows from the second of the relation (3.6). In
this way, the quadratically divergent, but regularized, quark constant ∆2q and the corresponding invariant functions
associated with it (through the transverse condition) have to disappear from the theory. So that the quark part (3.7)
becomes
Πqρσ(q) = −Tρσ(q)q
2Π
q(s)
t (q
2) (3.9)
with the invariant dimensionless function Π
q(s)
t (q
2) having no pole-type singularities in the q2 → 0 limit, i.e., in fact,
it is a regular function in this limit. It is also free of the quadratic UV divergences, which have been incorporated
into ∆2q, and thus they have been removed from the theory. This describes a general situation, when just the initial
transverse condition (3.3) for Πqρσ(q) decreases the quadratic UV divergences of the corresponding loop integral(s)
to a logarithmic ones at large q2. They may still be present in the invariant function Π
q(s)
t (q
2). This is in complete
analogy with QED, since there only electron-positron skeleton loop (the vacuum polarization tensor) contributes to
the full photon self-energy.
Concluding, let us underline that the quark constant has to be always disregarded. Due to the current conservation,
the transverse condition (3.3) is to be satisfied. Explicitly this is shown in the lower-orders of the PT [3–5], but this
should be true in its every order, in agreement with eq. (3.3), where the skeleton quark loop diagram is present. Its
contribution to the full gluon self-energy can be always made transverse independently from the YM part.
The Yang-Mills part
It is well-known in QCD that due to the transversity of the full gluon self-energy its purely YM part has to be also
transverse, namely
qρΠ
YM
ρσ (q;D) = qρ
[
Πgρσ(q;D) + Π
t
ρσ(q;D)
]
= qρ
[
Πghρσ(q) + Π
(1)
ρσ (q;D
2) + Π(2)ρσ (q;D
4) + Π(2
′)
ρσ (q;D
3) + Πtρσ(D)
]
= 0. (3.10)
It should be underlined that none of these terms can satisfy this transverse condition separately from each other,
i.e, similarly to the quark transverse relation (3.3). The role of ghost degrees of freedom is to cancel the un-physical
(longitudinal) component of the full gluon propagator. Therefore the transverse condition (3.10) is important for
ghosts to fulfill their role, and thus to maintain the unitarity of the S-matrix in QCD. More precisely, just the
Faddeev –Popov ghost contribution, Πghρσ(q) makes the relation (3.10) valid. For the explicit demonstration of how
the ghosts guarantee the transverse condition (3.10) in lower orders of the PT see, for example [3–5]. However, this
should be true in every order of the PT in agreement with equation (3.10) where the skeleton gluon loop diagrams
are present. Below we will show that this is so, indeed.
Let us start from the consideration of the gluon contribution Πgρσ(q;D) defined in (3.2). Similarly, as we have
investigated the quark case in the previous subsection, it is possible to develop the general formalism for this gluon
term as well. So let us begin with the corresponding subtraction
Πg(s)ρσ (q;D) = Π
g
ρσ(q;D)−Π
g
ρσ(0;D) = Π
g
ρσ(q;D)− δρσ∆
2
g(D), with Π
g(s)
ρσ (0;D) = 0, (3.11)
where
∆2g(D) = Π
g(0;D) =
∑
a
Πa(0;D) =
∑
a
∆2a(D), (3.12)
and the index ’a’ runs as follows: a = gh, (1), (2), (2′), while ∆2gh does not depend on D. In this relation all the
quadratically UV divergent constants ∆2a(D), having the dimensions of mass squared, are given by the corresponding
regularized skeleton loop integrals at q2 = 0 that appear in eq. (3.2).
6The general decompositions of the gluon part and its subtracted counterpart into the independent tensor structures
look like
Πgρσ(q;D) = −Tρσ(q)q
2Πgt (q
2;D) + qρqσΠ
g
l (q
2;D),
Πg(s)ρσ (q;D) = −Tρσ(q)q
2Π
g(s)
t (q
2;D) + qρqσΠ
g(s)
l (q
2;D). (3.13)
As we already know, in addition both invariant functions Π
g(s)
t (q
2;D) and Π
g(s)
l (q
2;D) cannot have power-type
singularities (or, equivalently, pole-type ones) at small q2, since Π
g(s)
ρσ (0;D) = 0, by definition in eq. (3.11): otherwise
they remain arbitrary. On account of the subtraction in eq. (3.11) and (3.13), one obtains
Πgt (q
2;D) = Π
g(s)
t (q
2;D)−
∆2g(D)
q2
,
Πgl (q
2;D) = Π
g(s)
l (q
2;D) +
∆2g(D)
q2
, (3.14)
then the gluon contribution becomes
Πgρσ(q;D) = −Tρσ(q)
[
q2Π
g(s)
t (q
2;D)−∆2g(D)
]
+ Lρσ
[
q2Π
g(s)
l (q
2;D) + ∆2g(D)
]
. (3.15)
It means that the YM part of the gluon self-energy (3.10) is as follows:
ΠYMρσ (q;D) = −Tρσ(q)
[
q2Π
g(s)
t (q
2;D)−∆2g(D)−∆
2
t (D)
]
+ Lρσ
[
q2Π
g(s)
l (q
2;D) + ∆2g(D) + ∆
2
t (D)
]
, (3.16)
on account of the relation (2.4) where gρσ = Tρσ(q) + Lρσ(q). Then the transverse condition (3.10) implies
Π
g(s)
l (q
2;D) = −
∆2g(D) + ∆
2
t (D)
q2
= −
∆2YM (D)
q2
. (3.17)
Since the invariant function in the left-hand-side of the relation (3.17) cannot have pole-type singularities, by definition,
then the constant ∆2YM (D) is to be disregarded on a general ground, i.e. put formally zero by hand, which also formally
requires that q2Π
g(s)
l (q
2;D) = ∆2YM (D) = 0. In this way, the quadratically divergent, but regularized, YM constant
∆2YM (D) and the corresponding invariant function associated with it (through the transverse condition) have to
disappear from the theory. So that the YM part of the full gluon self-energy (3.16) becomes
ΠYMρσ (q;D) = −Tρσ(q)q
2Π
g(s)
t (q
2;D). (3.18)
Its invariant dimensionless function Π
g(s)
t (q
2;D) has no pole-type singularities in the q2 → 0 limit, i.e., in fact, it is a
regular function in this limit. It is also free of the quadratic divergences, which have been incorporated into ∆2YM (D),
and thus they have been removed from the theory. Similar to the quark invariant function investigated in the previous
subsection, it may still have a logarithmic ones at large q2. All this is result of the transverse condition (3.10), while
the similar results in the quark case is due to the transverse condition (3.3).
Summing up now the quark (3.9) and YM part (3.18) contributions into the full gluon self-energy (2.3), one obtains
Πρσ(q;D) = Π
q
ρσ(q) + Π
YM
ρσ (q;D) = −Tρσ(q)q
2Π(q2;D), (3.19)
where Π(q2;D) = Π
q(s)
t (q
2) + Π
g(s)
t (q
2;D). It is important to remind that Π(q2;D) is a regular function at small q2,
and may have only logarithmic divergences in the q2 →∞ limit. The full gluon self-energy becomes transverse, i.e.,
qρΠρσ(q;D) = 0. (3.20)
The initial gluon SD equation (2.1) then looks like
Dµν(q) = D
0
µν(q)−D
0
µρ(q)iTρσ(q)q
2Π(q2;D)Dσν(q), (3.21)
7on account of the relation (3.19). Contracting this equation with qµ and qν , one obtains
qµqνDµν(q) = qµqνD
0
µν(q). (3.22)
The system of equations, consisting of the transverse condition (3.20), the gluon SD equation (3.21) and the ST
identities (3.22), constitutes that the SU(3) color gauge symmetry of the Lagrangian of QCD coincides with the
symmetry of its ground state. So that gluons have to be massless. As it was described in [9], such coincidence is
analogous to QED where the symmetries of the Lagrangian and the ground state are the same, indeed, thus accounted
for the massless photons.
The tadpole term contribution
The distinctive feature of the gluon SD eq. (3.21) is the absence of any mass scale parameter in its gauge structure.
By virtue of the gauge symmetry all the scale parameters should be disregarded on a general ground, as described
above. It is important to note that the quark and gluon scale parameters ∆2q and ∆
2
g(D), respectively, are not explicitly
present in the full gluon self-energy, but appear as a result of the corresponding gauge-invariant subtraction scheme.
At the same time, the tadpole term ∆2t (D) is explicitly present in the full gluon-self-energy from the very beginning,
i.e., it has not been introduced by hand (see description of the gluon SD equation in Section II and Fig.1 as well). If it
has to be removed along with other quadratically divergent but regularized constants by the gauge invariance, then a
natural question arises why does it present in the gauge structure of the gluon SD equation at all? Especially knowing
that it makes the YM theory explicitly non-renormalizable! Due to the transverse condition (3.20), the system of
eqs. (3.20)-(3.22) hides the role of the tadpole term in the QCD ground state, making it ”invisible”. Nothing would
have been changed in the derivation of the above-mentioned system of equations, if the tadpole term in the gluon SD
equation were not existed, indeed.
In order to disclose/reveal the true role of the tadpole term in the gauge structure of the QCD ground state, let us
note that the transverse condition imposed over the gluon contribution (3.15), i.e., admitting qρΠ
g
ρσ(q;D) = 0, leads
formally to the same expression as for the YM part in (3.18), namely
Πgρσ(q;D) = −Tρσ(q)q
2Π
g(s)
t (q
2;D), (3.23)
but the dynamical contest of these expressions is different. According to (3.23) and (3.18) the gluon constant ∆2g(D)
and the YM constant ∆2YM (D) = ∆
2
g(D) +∆
2
t (D), respectively, have been removed from the theory, thus hiding the
role of the tadpole term in the true gauge structure of the QCD ground state. So that the YM part now looks like
ΠYMρσ (q;D) = Π
g
ρσ(q;D) + Π
t
ρσ(q;D) = −Tρσ(q)
[
q2Π
g(s)
t (q
2;D)−∆2t (D)
]
+ Lρσ(q)∆
2
t (D), (3.24)
instead of (3.18) and on account of the relations (3.23) and (2.4). By adding to this expression the quark contribution
(3.9), the full gluon self-energy instead of (3.19) becomes
Πρσ(q;D) = −Tρσ(q)
[
q2Π(q2;D)−∆2t (D)
]
+ Lρσ(q)∆
2
t (D), (3.25)
where Π(q2;D) has been defined in eq. (3.19).
Since the tadpole term contributes into the both transverse and longitudinal components of the full gluon self-energy,
the transversity of the full gluon self-energy is always violated by it, namely
qρΠρσ(q;D) = qσ∆
2
t (D) 6= 0, (3.26)
contrary to (3.20). Here ∆2t (D) is the corresponding quadratically divergent but regularized, i.e., finite, constant (the
corresponding skeleton loop integral in eq. (2.4)). Substituting (3.25) into the initial gluon SD equation ((2.1) one
obtains
Dµν(q) = D
0
µν(q) −D
0
µρ(q)iTρσ(q)
[
q2Π(q2;D)−∆2t (D)
]
Dσν(q),+D
0
µρ(q)iLρσ(q)∆
2
t (D)Dσν(q), (3.27)
instead of (3.21), and contracting it again with qµ and qν , one arrives that
8qµqνDµν(q) 6= qµqνD
0
µν(q), (3.28)
instead of (3.22). The system of equations, consisting of the inequality (3.26), the gluon SD equation (3.27) and
the inequality of the corresponding ST identities (3.28), constitutes that the SU(3) color gauge symmetry of the
Lagrangian of QCD may be dynamically broken in its ground state, and thus to be accounted for the massive gluons.
It is well known that the only possible way to generate of a mass for the vector particle is to spontaneously break
down the corresponding symmetry, see for example [3, 4]. In order to get from the system of eqs.(3.26)-(3.28) the
system of eqs.(3.20)-(3.22), one has to put the tadpole term to zero by hand in the first one. We call such limit
∆2t (D) = 0 as formal one, and denote D in eq. (3.21) in this limit as D
PT in what follows (see Section V). Then one
comes back to the question arises above what is the meaning of its existence in the QCD ground state? We think that
some essential information on the true dynamical structure of the QCD ground state is carrying out by the tadpole
constant. In other words, its explicit presence in the gluon SD equation (2.1) from the very beginning is a hidden
evidence to suspect that something is not so trivial as the exact gauge symmetry requests. The main purpose of our
work here is to investigate all the consequences of keeping it ”alive” and suppress it only at the final stage.
Let us present a few important observations/statements supporting our task.
(A) Any deviation of the full gluon propagator from the free one requires the presence of the mass scale parameter
on the general dimensional ground. Even in the asymptotic freedom (AF) regime there is a scale violation in
QCD,
Dµν(q) ∼ gµν
[ g2
1 + g2b0 ln(q2/Λ2QCD)
]
(1/q2), (3.29)
where g2 is the coupling constant and b0 is the color group factor. This expression presents the summation of
the so-called main PT logarithms in QCD and written down in the ’t Hooft – Feynman gauge, for simplicity
[3–5, 9].
(B) However, the mass scale parameter Λ2QCD, which determines the non-trivial PT dynamics of the QCD vacuum,
cannot be generated by the PT itself. Due to the renormalization group equations arguments [2], any mass to
which can be assigned some physical sense disappears according to
M ∼ µ exp(−1/b0g
2), g2 → 0, (3.30)
where µ is the arbitrary renormalization point. In other words, in every order of the PT it vanishes. So that it
has to come from the IR region, since non a finite mass can survive in the PT q2 →∞ limit, indeed.
(C) Due to the self-interaction of multiple massless gluon modes, QCD suffers from dangerous IR singularities (more
severe than (1/q2) PT one). The existence of the severe IR singularities also requires the presence of the mass
scale parameter ∆2 in the full gluon propagator, for example
Dµν(q) ∼ Tµν
1
q2
∞∑
k=0
(∆2
q2
)k+1
Φk, (3.31)
where the arbitrary coefficients Φk by themselves can be the sums of infinite number of terms. This expression
presents the summation of the all possible severe IR singularities which can be taken into account by the gluon
propagator. How to deal with such severe IR singularities has been investigated in [9].
(D) The explicit presence of the mass scale parameter in the full gluon propagator opens the possibility for gluons
to acquire masses without introducing any extra degrees of freedom into the theory.
(E) The symmetries of the Lagrangian of the theory may not coincide with the symmetries of its ground state
(vacuum), indeed.
It is instructive to note that the same system of relations and equations (3.26)-(3.28) will be obtained if one splinters
the initial transverse condition (3.10) as follows:
qρΠ
YM
ρσ (q;D) = qρΠ
g
ρσ(q;D) + qρΠ
t
ρσ(q;D), (3.32)
9and investigate these two contribution separately from each other, by requesting qρΠ
g
ρσ(q;D) = 0 and leaving the
tadpole term intact. That is why we call our method to reveal a true gauge structure of the QCD vacuum described
above as the splintering procedure. Evidently, it makes the gluon constant ∆2g(D) to disappear from the theory in
the same way as the quark constant ∆2q has been disappeared. To recover the initial transverse condition (3.10) the
tadpole term here should be put to zero by hand. In other words, the splintering procedure allows one to show up
explicitly the mass scale parameter in the gluon SD equation (3.27), and thus in the full gluon propagator as well.
Let us note that the tadpole-type integrals (2.4) for massless gluons (for example, free ones) being UV divergent
or IR singular, in general, are ill-defined. In the gauge-invariant dimensional regularization method (DRM) [26] one
must adhere to the rather ”embarrassing” prescription that such massless tadpole integrals vanish [4], i.e., putting
them zero by hand. Then again the same question arises why the tadpole term exists in the QCD ground state at
all? Our proposal to keep such kind of terms ”alive” and suppress them only at the final stage answers this question
without need to show up the mass scale parameter in the full gluon propagator by introducing some extra degrees of
freedom, as underlined above. How to deal with such kind of terms when they are IR singular has been described in
detail in [9]. Here we will show how to deal with such kind of terms when they are UV divergent.
In the explicit presence of the tadpole term in the full gluon self-energy from the very beginning, the ghosts cannot
make the full gluon propagator transverse. To make it transverse one has to put it zero by hand in the relation (3.26),
and thus everywhere. Let us introduce further the useful notation as follows:
∆2t (D) =M
2, (3.33)
since it has the dimension of mass squared at any D, and therefore we denote it as M2. We call it the mass scale
parameter or, equivalently, the mass gap, since it will separate massive solution from the massless one for the full
gluon propagator in what follows. Our proposal leaves the mass gap non-renormalized, so that the invariant function
Π(q2;D) will depend on it, but it is free from other quadratic UV divergences incorporated into the quark and gluon
constants. Our splintering procedure to break down the Lagrangian’s exact gauge symmetry in the ground state will
be justified if and only if we will be able to perform the NP renormalization of the mass gap M2 in order to make
the theory renormalizable as well as to prove that it is a unique one. In other words, the splintering procedure has to
provide a correct limit when the mass gap contribution can be suppressed.
Concluding, a few remarks are in order. From our analysis one can decide that not loosing generality we can omit
the quark degrees of freedom in what follows and investigate only the purely YM part of QCD. We have discussed in
detail some important aspects of the color gauge structure of the gluon SD equation in YM gauge theory, but without
any use of the PT. Also, in obtaining these results no regularization scheme (preserving or not gauge invariance)
has been used. No special gauge choice and no any truncations/approximations/assumptions have been made either.
Only analytic derivations have been done, such as the decomposition into the independent tensor structures, the
subtractions, which are equivalent to adding zeros, etc.
IV. THE MASS GAP APPROACH TO QCD
Here we are going to investigate the presence of the mass gap in the SD equation itself for the full gluon propagator.
In order to calculate the physical observables in QCD from first principles, we need it rather than the full gluon
self-energy. The basic relation to which the full gluon propagator should satisfy is the corresponding ST identity
qµqνDµν(q) = −iξ, (4.1)
where ξ is the gauge-fixing parameter. It is a consequence of the color gauge invariance/symmetry of QCD. However,
by itself it cannot remove the UV divergences from the theory. We have achieved this by formulating the suitable
subtraction scheme in which the corresponding transverse conditions have been implemented. They are also resulted
from the exact gauge invariance. This can been explicitly seen by combining the initial gluon SD equation (2.1) with
the ST identity(4.1). If some equations, relations or the regularization schemes, etc. do not satisfy it automatically,
i.e., without any additional conditions, then they should be modified and not the identity (4.1). In other words,
all the relations, equations, regularization schemes, etc. should be adjusted to it and not vice versa. For example,
the exact transverse condition can be violated (3.26), but, nevertheless, the general form of the ST identity (4.1)
is to be maintained despite the massless or massive gluon fields are considered. The difference can only appear in
the value of the gauge-fixing parameter, i.e., the renormalization of the gauge theory with the symmetry breaking
in its ground state is to be accompanied by a change of gauge. This emphasizes the role of this identity in the
unitarity/non-unitarity of the renormalized YM gauge theory.
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The ST identity (4.1) implies that the general tensor decomposition of the full gluon propagator in the covariant
gauge is as follows:
Dµν(q) = −i
[
Tµν(q)d(q
2) + ξLµν(q)
] 1
q2
, (4.2)
where the invariant function d(q2) = d(q2; ξ) is the corresponding Lorentz structure of the full gluon propagator. If
one neglects all the contributions to the full gluon self-energy in eq. (2.1), i.e., putting formally d(q2) = 1 in eq. (4.2),
then one obtains the free gluon propagator, namely
D0µν(q) = −i [Tµν(q) + ξ0Lµν(q)] (1/q
2), (4.3)
where ξ0 is the corresponding gauge-fixing parameter. The general ST identity (4.1) will look like
qµqνD
0
µν(q) = −iξ0. (4.4)
The gluon SD eq. (3.27) on account of the definition (3.33), can be equivalently re-written down as follows:
Dµν(q) = D
0
µν(q)−D
0
µρ(q)iTρσ(q)
[
q2Π(q2;D)−M2
]
Dσν(q) +D
0
µρ(q)iLρσ(q)M
2Dσν(q), (4.5)
and combining it with eqs. (4.2) and (4.3), one obtains
d(q2) =
1
1 + Π(q2;D)− (M2/q2)
. (4.6)
This relation is not a solution for the full gluon invariant function, but rather some kind of the transcendental equation
for different invariant functions d(q2), Π(q2;D) and the mass gap M2, i.e., d = f(D(d)). Nevertheless, from this
expression is clearly seen that in the perturbative regime, q2 → ∞, the mass gap term contribution (M2/q2) can be
completely neglected, which effectively equivalent to the formal M2 = 0 limit and vice versa. At the same time, in
the NP region of finite and small gluon momenta this term is dominant. That is why it should be kept ’alive’ on a
general ground, indeed. However, as pointed out above, keeping it ’alive’ makes the YM theory non-renormalizable.
So the problem arises how to make the theory renormalizable in this case as well.
On the other hand, contracting the full gluon SD eq. (4.5) with qµ and qν , and substituting its result into the
general ST identity (4.1), one arrives at
qµqνDµν(q) = −iξ0
(
1 + ξ
M2
q2
)
= −iξ, (4.7)
which solution is
ξ ≡ ξ(q2) =
ξ0q
2
q2 − ξ0M2
, (4.8)
i.e., for the massive gluon fields the gauge-fixing parameter becomes the function ξ ≡ ξ(q2) and not a constant like
ξ0. Substituting (4.6) and (4.8) into the general decomposition (4.2) for the full gluon propagator, one finally obtains
Dµν(q) = −i
1
q2 + q2Π(q2;D)−M2
Tµν(q)− iLµν(q)
λ−1
q2 − λ−1M2
, (4.9)
where we have introduced the useful notation, namely ξ0 = λ
−1 (not to be confused with the dimensionless UV
regulating parameter, mentioned in Section II). The corresponding ST identity now becomes
qµqνDµν(q) = −i
λ−1q2
(q2 − λ−1M2)
. (4.10)
This gauge is the generalization of the so-called t’Hooft gauge [4, 27], which equivalent to the case when setting
λ−1 = 1. We will call it as the generalized t’ Hooft gauge. In this case the gauge-fixing parameter λ−1 can vary
continuously from zero to infinity. The functional dependence of the general gauge-fixing parameter ξ is fixed up to an
arbitrary gauge-fixing parameter ξ0 = λ
−1. Unless we fix it, and thus ξ itself, we will call such situation as the general
gauge dependence (GGD), see (4.1), (4.8), and (4.10). Choosing the explicit expression for ξ0 = λ
−1, we will call
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such situation as the explicit gauge dependence (EGD). This distinction seems a mere convention, but, nevertheless,
it is useful one in QCD because of the explicit presence of the mass scale parameter in its ground state. The t’ Hooft
gauge directly follows from the GGD/EGD formalism within the mass gap approach to QCD. It requires that there
is no other functional expression for ξ, apart from given by the relation (4.8) at finite ξ0 = λ
−1, in the full gluon
propagator (4.9) and the corresponding ST identity (4.10) for the massive gluon fields. The system of equations,
consisting of the transverse inequality (3.26), the gluon SD equation (4.5) and the ST identity (4.10) constitutes that
the SU(3) color gauge symmetry of the Lagrangian of QCD is broken down in its ground state. So that the gluon
may acquire mass dynamically (see below). Finally, it is useful from now on to introduce the short-hand notation as
follows: Π(q2) ≡ Π(q2;D).
V. NP RENORMALIZATION OF THE MASSIVE GLUON PROPAGATOR
Let us now perform the renormalization program for the full gluon propagator, presented in the relations (4.9) and
(4.10). If the denominator in eq. (4.9) has a pole at the point q2 =M2g , then one obtains
M2 = [1 + Π(M2g )]M
2
g = Z˜
−1
3 M
2
g , (5.1)
where
Z˜−13 ≡ Z˜
−1
3 (M
2
g ) = [1 + Π(M
2
g )], (5.2)
and it can be treated as the mass gap multiplicative MP renormalization constant, while M2 being the ’bare’ gluon
mass, and M2g being its renormalized counterpart. It can be interpreted as a gluon ’true’ pole mass, since it is exactly
defined by the relation (5.1). Let us further expand the invariant function Π(q2) around the pole position, namely
Π(q2) = Π(M2g ) + (q
2 −M2g )Π
′(M2g ) + (q
2 −M2g )
2Π′′(M2g ) + ... (5.3)
Evidently, this expansion is the corresponding Taylor series. Substituting all these expressions back into the denomi-
nator, one obtains
q2 + q2Π(q2)−M2 = (q2 −M2g )Z
−1
3 [1 + Z3Π˜(q
2)], (5.4)
where
Z−13 ≡ Z
−1
3 (M
2
g ) = 1 + Π(M
2
g ) +M
2
gΠ
′(M2g ) = Z˜
−1
3 +M
2
gΠ
′(M2g ), (5.5)
and it can be treated as the gluon wave function MP renormalization constant. The invariant function, Π˜(q2) is
defined as follows:
Π˜(q2) = (q2 −M2g )
[
Π′(M2g ) + q
2Π′′(M2g ) + q
2(q2 −M2g )Π
′′′(M2g ) + ...
]
. (5.6)
In the derivation of the relations (5.4)-(5.6) we have used the following obvious identity q2 = (M2g + q
2 −M2g ) in
the term with the first derivative Π′(M2g ). Let us point out that the invariant function, Π˜(q
2) in eq. (5.6) have the
following interesting properties as
Π˜(M2g ) = 0, Π˜(0) = −M
2
gΠ
′(M2g ), (5.7)
so that it vanishes at the pole position, i.e., at the mass-shell q2 = M2g , and it is regular at zero. Here it is convenient
to note in advance that evidently the pole position and the mass-shell in the massless case is defined as q2 = 0.
Substituting all these relations into the eqs. (4.9)-(4.10), one finally arrives at the following system for the renor-
malized massive gluon propagator DRµν(q) within the GGD formalism, namely
DRµν(q) =
−iZ3Z˜
−1
3
(q2 −M2g )[1 + Z3Π˜(q
2)]
Tµν(q)− i
qµqν
q2
λ˜−1
[q2 − λ˜−1M2g ]
, (5.8)
where DRµν(q) is defined as follows:
DRµν(q) = Z˜
−1
3 Dµν(q), λ˜ = λZ˜3, Z3Z˜
−1
3 = 1− Z3M
2
gΠ
′(M2g ), (5.9)
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FIG. 2: The massive gluon propagator (5.8) at finite λ˜−1 as a function of q2. The PT regime curve reproduces the PT massless
gluon propagator (5.17) in the whole gluon momentum range when M2g = 0.
and the massive gluon propagator (5.8) is shown in Figure 2.
The renormalized ST identity becomes
qµqνD
R
µν(q) = −i
λ˜−1q2
q2 − λ˜−1M2g
. (5.10)
From now on all the quadratic UV divergences disappear from the theory. Along with the arbitrary subtraction point
they have been incorporated into the corresponding MP renormalization constants (5.2) and (5.5). The invariant
function Π˜(q2) may still have logarithmic divergences. Let us only remind that this invariant function and the full
gluon propagator itself are regular at zero. Thus, one can conclude that the YM theory is renormalizable within our
approach since all the quantities in the full gluon propagator (5.8), and hence in the ST identity (5.10), are expressed
in terms of the renormalized quantities. The dependence on the MP renormalization constants should disappear in
QCD through the corresponding identity, which includes quark degrees of freedom. This is beyond the scope of the
present investigation.
Neglecting the contribution from the regular part of the full gluon-self energy, i.e., putting formally
Π(q2) = Π˜(q2) = 0, Z3 = Z˜3 = 1, λ˜ = λ, (5.11)
for the free massive vector boson in the generalized t’ Hooft gauge, from eq. (5.8) one obtains
D0µν(q) =
−i
(q2 −M2g )
[
gµν − (1 − λ
−1)
qµqν
(q2 − λ−1M2g )
]
, (5.12)
which satisfies the same ST identity (5.10), as expected. Let us note that this massive vector boson propagator for
the first time has been used in the investigations of the different models with spontaneously broken gauge theories in
[4, 27–30].
Within the EGD formalism it instructive to show the free massive vector boson propagator (5.12) in some different
finite gauges, such as
unitary (Landau) gauge, λ−1 = 0 : D0µν(q) =
−i
(q2 −M2g )
Tµν(q), (5.13)
t’Hooft – Feynman gauge, λ−1 = 1 : D0µν(q) =
−i
(q2 −M2g )
gµν . (5.14)
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Asymptotics of the NP massive gluon propagator
It is instructive to investigate the asymptotics of the full gluon propagator with gluon pole mass (5.8). Let us begin
with its behavior at q2 = 0. In this limit, from eq. (5.8) one arrives at
DRµν(0) =
iZ˜−13
M2g
[
Z−13 + Π˜(0)
]Tµν(q) + i qµqν
q2
1
M2g
. (5.15)
Taking now in account (5.5) and (5.7), one finally obtains
iDRµν(0) = −
1
M2g
Tµν(q)−
qµqν
q2
1
M2g
= −
1
M2g
gµν , (5.16)
and this result is exact, gauge-independent and regular at q2 = 0 as Figure 2 presents.
From the renormalized expressions (5.8) and (5.10) it follows that in the PT q2 → ∞ limit, the mass gap term
contribution (M2g /q
2) will be suppressed. Especially this is true for the PT region q2 ≥M2g (see Figure 2). Effectively,
this suppression is equivalent to the limit M2g = 0 in all expressions for the renormalized gluon propagator. So letting
M2g = 0 at finite λ˜
−1 in the massive gluon propagator (5.8), one obtains
DPTµν (q) =
−iZ3(0)
q2 [1 + Z3(0)Πr(q2)]
Tµν(q)− iλ
−1 qµqν
q2
1
q2
, (5.17)
where the invariant function Πr(q2) = Π˜(q2;M2g = 0) and thus is defined by the expansion (5.6) in this limit, so it is
Πr(q2) = Π(q2)−Π(0) = q2Π′(0) + q4Π′′(0) + q6Π′′′(0) + ... . (5.18)
The wave function MP renormalization constant Z3(0) is given by the relations (5.2) and (5.5) at M
2
g = 0, namely
Z3(0) = Z3(M
2
g = 0) = Z˜3(M
2
g = 0) =
1
1 + Π(0)
, (5.19)
i.e., the mass gap MP renormalization constant coincides with the wave function MP renormalizazion constant, as it
should be in the massless case. The corresponding ST identity is as follows:
qµqνD
PT
µν (q) = −iλ
−1. (5.20)
Neglecting now the contribution from the gluon self-energy, i.e., putting formally
Π(q2) = Πr(q2) = 0, Z3(0) = 1 (5.21)
in eq. (5.17), for the free vector boson one obtains
D0µν(q) = −iTµν
1
q2
− iλ−1
qµqν
q2
1
q2
, (5.22)
so that from (5.20) it follows
qµqνD
PT
µν (q) = qµqνD
0
µν(q) = −iλ
−1, (5.23)
i.e., they satisfy the same ST identities, and thus the gauge-fixing parameters for the PT and free gluon propagators
coincide (in agreement with eq. (3.22), as need be), while both differ from the massive one, see (5.10). Within the
EGD formalism for some different gauges the free gluon propagator becomes
λ−1 = 0 : D0µν(q) = −iTµν(q)
1
q2
, (5.24)
λ−1 = 1 : D0µν(q) = −i
gµν
q2
, (5.25)
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and compare them with the expressions (5.13)-(5.14).
The massless full gluon propagator (5.17) we call the perturbative gluon propagator and denote it as DPTµν (q). In
other words, we distinguish between the perturbative massless (5.17) and massive (5.8) gluon propagators by the
explicit presence of non-zero M2g in the latter one. The massive gluon propagator becomes its perturbative massless
counterpart at finite gauge-fixing parameter in the PT q2 →∞ limit or, equivalently, lettingM2g = 0 in the former one.
We did not perform the renormalization programme for the perturbative gluon propagator from the very beginning
by going to the formal M2 = 0 limit in Section IV. Our aim was to demonstrate that the renormalized system of
the relations for the perturbative gluon propagator follows from our general approach at M2g = 0. It is easy to show
that such defined PT gluon propagator is a solution of the gluon SD equation (3.21) and thus corresponds to the
restoration of the exact gauge symmetry in the QCD ground state, as mentioned above in Section III. Evidently,
the massive gluon propagator (5.8) at finite gauge-fixing parameter has the renormalizable, namely DRµν(q) ∼ (q
2)−1
behavior in the PT regime, which coincides with the PT gluon propagator (5.17) asymptotic at q2 →∞, as expected.
Concluding, sometimes it is useful to distinguish between the asymptotic suppression of the mass gap term contri-
bution (M2g /q
2) at non-zero M2g in the q
2 →∞ limit and the M2g = 0 limit itself. However, let us note that because
of the phase transition with essential discontinuities at q2 = M2g , explicitly seen in Figure 2, the AF logarithmic
corrections in Πr(q2) of eq. (5.17) will be determined by the different fromM2g mass scale parameter, which, of course,
is Λ2QCD, see Ref. [9] and the expression (3.29). Also, the PT and free gluon propagators have the same behavior
at small gluon momenta, namely ∼ (q2)−1. Such IR singularity is called the PT singularity in the q2 → 0 limit.
Evidently, such gluon propagators (5.17) and (5.22) describe the propagation of massless gluons in the QCD vacuum.
VI. EUCLIDIAN METRIC FOR COMPARISON TO LATTICE CALCULATION
Let us begin with pointing out that the gluon pole mass is different from the effective gluon mass. The former one
is exactly defined in the relation (5.1), while the latter one is to be extracted from the effective gluon mass function,
see for example Ref. [31]. In this connection, it is worth noting that within the mass gap approach there is no need
to determine the effective gluon mass function at all, since our initial expression is the transcendental one, namely
(4.6). Our investigation is of purely theoretical nature, so we cannot fix the numerical value of M2g . However, this
is possible to do within lattice QCD simulations [32], but within our approach. For this purpose, let us write down
the full massive gluon propagator (5.8) in Euclidean metric by making the substitution q2 → −q2 in (5.8), so that
q2 = q20 + q
2 becomes from now on, and Tµν(q) = δµν − Lµν(q). Thus one obtains
DRµν(q) =
iZ3Z˜
−1
3
(q2 +M2g )[1 + Z3Π˜(q
2)]
Tµν(q) + i
qµqν
q2
λ˜−1
(q2 + λ˜−1M2g )
. (6.1)
The expansion for the invariant function Π˜(q2) then looks like
Π˜(q2) = (q2 +M2g )
[
Π′(−M2g ) + q
2Π′′(−M2g ) + q
2(q2 +M2g )Π
′′′(−M2g ) + ...
]
, (6.2)
while for the corresponding NP MP renormalization constants one arrives at
Z˜−13 = [1 + Π(−M
2
g )], Z
−1
3 = Z˜
−1
3 −M
2
gΠ
′(−M2g ). (6.3)
It is instructive to repeat the derivation of eq. (6.1) at q2 = 0 in this metric in detail as it has been done in Section
V. So first one obtains
DRµν(0) =
iZ˜−13
M2g [Z
−1
3 + Π˜(0)]
Tµν(q) + i
qµqν
q2
1
M2g
. (6.4)
Taking now into account (6.3) and (6.2) at q2 = 0, one finally obtains
iDRµν(0) = −
1
M2g
Tµν(q)−
qµqν
q2
1
M2g
= −
1
M2g
δµν , (6.5)
coinciding completely with eq. (5.16), as need be (see Figures 2 and 3).
It will be useful to introduce the following notation as Π(n)(−M2g ) = an, n = 0, 1, 2, 3, where an are the arbitrary
constants of the corresponding dimensions. Then eq. (6.1) after doing some simple algebra will be expressed in terms
of these constants only, namely
iDRµν(q) = −
(1 + a0)Tµν(q)
(q2 +M2g )[(1 + a0) + a1q
2 + (q2 +M2g )q
2(a2 + a3(q2 +M2g ) + ...)]
−
qµqν
q2
λ˜−1
(q2 + λ˜−1M2g )
. (6.6)
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The higher order terms (a4 and higher) in its denominator can be suppressed in the NP region −M
2
g ≤ q
2 ≤ 0 we are
mainly interested in. We are not interested in the PT tail of the massive gluon propagator, i.e., in the perturbative
region q2 ≤ −M2g . In order to simplify the lattice simulations, the unitary (Landau) gauge can be adopted, since
the result (6.5) is gauge-invariant, as underlined above. In this case the remaining transverse part in (6.6) is to be
multiplied by the corresponding numerical factor in order to comply with exact result (6.5).
From eq. (6.1) it follows that the invariant function for the full massive gluon propagator, associated with its
transverse component, is as follows:
d(q2) ≡ α(q2) =
q2
(q2 +M2g )
Z3Z˜
−1
3
[1 + Z3Π˜(q2)]
, (6.7)
and it can be treated as the running effective charge α(q2) for the massive gluon propagator. Contrary to the full
massive propagator (6.5), it is zero at q2 = 0, i.e., α(0) = 0, and thus it is not so suitable for lattice QCD simulations
to fix the numerical value of M2g . Being exactly defined the gluon pole mass, is not a measurable quantity. Only
QCD lattice simulations is unique way to calculate its numerical value, as stated above. Let us only note that our
estimation [9] of the scale of the NP dynamics in QCD was about (0.5− 0.6) GeV. The pole mass of a single gluon is
expected to be of the same order of magnitude.
Discussion
The massive gluons (a single gluons with non-zero pole masses, which are exactly defined in (5.1)) may exist in the
QCD ground state along with their well-known massless counterparts. We call such a solution for the massive gluon
propagator as NP massive, since the gluon pole mass is of purely NP dynamical origin, as described above. In this
connection, let us remind that from the renormalization group equations arguments [2] it follows that the mass to
which can be assigned some physical meaning (such as Mg, for example) looks like Mg ∼ µ exp(−(1/g
2)), where µ
and g2 are the finite renormalization point and the coupling constant, respectively. Thus, it vanishes in every order
of the PT at g2 → 0. This is in fair agreement with our conclusion that the mass gap contribution is to be completely
neglected in the PT. Furthermore, it is worth underlining that nobody knows how many solutions the general initial
transcendental eq. (5.1) may actually have. Maybe none!, but this is unlikely because of the explicit presence of
the tadpole term in the full gluon self-energy, which is the dynamical source of the mass gap, as it follows from our
investigation. In other words, the exact number of different massive gluons is not known. Nevertheless, in any case
at this stage we may count that in the QCD ground state effectively exist the two general types/species/’flavors’ of a
single gluon, namely massless and massive states, which could also be treated as an effective gluon degrees of freedom.
But, in principle, we have to distinguish between exactly defined gluon pole mass and an effective gluon mass.
Inside hadrons and nuclei quarks can interact with each other by exchange of not only massless gluons but their
massive counterparts as well. The interaction between heavy quarks due to the exchange of massive gluons is described
by the Yukawa-type potential V (r) ∼ (1/r) exp(−Mgr), though it is not confining quarks, but it is short-range and
strong. The massive gluons will contribute to the quarks effective masses (properly defined) via the quark SD equation,
making them much more different from the current quark masses, mentioned above. This knowledge may substantially
improve our understanding of the dynamical structure of the QCD ground state as well as hadron and nuclei internal
structures and their properties, such as masses [33], nucleon and glue spins, etc. [34, 35]. The existence of massive
gluons can provide more information about the ordinary nuclear matter in the interior of compact (neutron) stars
and their merger [36]. The gluons with exactly defined pole masses may also play important role in the creating of
the different phases of QCD Matter at high temperature and density [37–40]. They will provide new gluon degrees of
freedom, but different from the quasi-particles which also show up as effective poles (depending on the temperature)
in the gluon propagators, calculated by the thermal lattice QCD, see Ref. [41]. Apparently, the massive gluons should
be somehow included into the YM NP equation of states as well, e.g. such as derived in Ref. [42]. One can easily
imagine the glueballs as bound states of the two or three gluons with pole masses and not only consisting of the gluons
with effective gluon masses or massless gluons [43].
Concluding our discussion, let us note that at M2g = 0 the above-mentioned Yukawa-type potential becomes of
Coulomb-type, namely V (r) ∼ (1/r). Thus it describes the interaction between quarks due to exchange of the
perturbative (5.17) and free (5.22) massless gluons.
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VII. CANONICAL GAUGE λ˜−1 =∞
The second important issue of the general problem of the dynamical generation of the mass in QCD is to be
discussed here. Within the above-mentioned EGD formalism there exists one special gauge which deserves separate
consideration, namely λ˜−1 = λ−1 =∞. Then the massive gluon propagator (5.8) looks like
DRµν(q) =
−iZ3Z˜
−1
3
(q2 −M2g )[1 + Z3Π˜(q
2)]
Tµν(q) + i
qµqν
q2
1
M2g
, (7.1)
and shown in Figure 3. The corresponding ST identity becomes
qµqνD
R
µν(q) = i
q2
M2g
. (7.2)
Neglecting now the contribution from the regular part of the full gluon self-energy in accordance with the relations
(5.11), for the free massive counterpart in this gauge, one obtains
D0µν(q) =
−i
(q2 −M2g )
[
gµν −
qµqν
M2g
]
∼ const. in the q2 →∞ limit, (7.3)
which coincides with eq. (5.12) in the λ−1 =∞ limit, as expected, and the same ST identity, namely
qµqνD
0
µν(q) = i
q2
M2g
. (7.4)
From the expressions (7.1)-(7.2) and especially clearly from eqs. (7.3)-(7.4) it follows that massive gluon propagator
in this gauge has ill-behavior (non-renormalizable) in the q2 → ∞ limit, which means that the PT smooth limit
M2g = 0 does not exist as well, see Figure 3. In the quantum electroweak gauge theory such asymptotic, coming
from the longitudinal component of the propagators for massive vector particles Z,W+,W− is not a problem. Due
to the conserved currents in this theory, longitudinal components of their propagators do not contribute to the S-
matrix elements, describing this or that physical process/quantity. In QCD such conserved currents do not exist, and
moreover, the longitudinal components interact with each other [4], so the non-renormalizable behavior of the massive
gluon propagator possesses a serious problem in this gauge. It has been called as canonical one in Ref. [29]. Let us
emphasize that we have derived the ST identity for the massive vector particle (7.2) within our GGI/EGI formalism,
i.e., not addressing to its standard derivation, which, for example, has been performed for the massive YM effective
theory in Ref. [44]. In Ref. [45] the case of the M2g = 0 limit has been investigated in some details as well.
The mass gap approach to QCD requires that the massive gluon propagator at any finite gauge should go to the
perturbative gluon propagator in the PT q2 → ∞ limit, which is equivalent to the M2g = 0 limit and vice versa, see
Figure 2. This request should be considered as some kind of the ’boundary condition’ for any massive gluon propagator
as described in Section V. In other words, our approach renders the YM massive theory renormalizable at infinity.
The gauge particle propagators (the corresponding Green’s functions) should at least be quadratically convergent,
i.e., behave as ∼ (1/q2) at q2 → ∞. The mass gap approach to QCD formulates the interaction and gauge of the
massive gluon propagator, associated with its transverse and longitudinal components, respectively, in such a way that
the theory becomes renormalizable. It makes the equivalence between q2 → ∞ and M2g = 0 limits to be important
for the renormalizability. It is necessary to understand that the above-mentioned equivalence does not contradict to
the existence of the phase transition at q2 = M2g for the massive gluon propagator seen in Figures 2 and 3. The
smooth renormalizable behavior in the whole gluon momentum range is only possible for the PT gluon propagator,
i.e., when M2g = 0. However, the massive gluon propagator in the canonical gauge λ˜
−1 =∞ (Figure 3) breaks down
the requested boundary condition, and thus makes the theory non-renormalizable both off-mass-shell, eq. (7.1), and
on the mass-shell q2 = M2g , eq. (7.3). Thus the above-mentioned equivalence is broken down by this gauge. Therefore,
the canonical gauge should be abandoned, as not satisfying to the perturbative behavior at infinity and having no
smooth M2g = 0 limit, both requested by the mass gap approach to QCD. Let us note that the λ
−1 = λ˜−1 =∞ limit
in QCD seems to us too artificial and formal, like the formal M2 = 0 one, indeed.
VIII. MASS-SHELL q2 = M2g
The third important issues of the mass dynamical generation in QCD is to be considered here. For this purpose,
let us discuss in some details the structure of the massive gluon propagators at finite λ˜−1 on the mass-shell q2 =M2g ,
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FIG. 3: The massive gluon propagator (7.1) in the canonical gauge λ˜−1 = ∞ as a function of q2 (see eq. (7.3) as well). It
breaks down the PT limit at q2 →∞ requested by eq. (5.17), compare Figures 2 and 3.
which in its turn is closely related to the free massive states. The full propagator for the massive gluon is shown in
eq. (5.8), namely
DRµν(q) =
−iZ3Z˜
−1
3
(q2 −M2g )[1 + Z3Π˜(q
2)]
Tµν(q)− i
qµqν
q2
λ˜−1
[q2 − λ˜−1M2g ]
. (8.1)
Within the GGD formalism, i.e., not specifying the gauge-fixing parameter λ˜−1 first, the free massive gluon SD
equation (8.1) on the mass-shell becomes
D0µν(q) =
−i
(q2 −M2g )
(
gµν −
qµqν
M2g
)
− iǫ˜
qµqν
M4g
, (8.2)
where
ǫ˜ =
λ˜−1
[1− λ˜−1]
=
1
[λ˜− 1]
, and here, λ˜−1 6= 1. (8.3)
However, it is not difficult to show that the expression (8.2) is equivalent to
D0µν(q) =
−i
(q2 −M2g )
(
gµν −
qµqν
M2g
)
(8.4)
on the mass-shell and at any ǫ˜. It is in agreement with (5.12) on the mass-shell, which does not depend on the gauge
choice at all as well. At the same time, the expression (8.4) coincides with (5.13) on the mass-shell which has been
derived in unitary gauge λ˜−1 = 0. In its turn it is agreed with (8.2) at ǫ˜ = 0 or, equivalently, λ˜−1 = 0, see (8.3). It is
worth emphasizing that (8.4) coincides with the free massive gluon propagator (7.3) in the canonical gauge λ˜−1 =∞.
Thus, one can conclude that in all gauges, apart from the t’Hooft –Feynman gauge λ˜−1 = 1, the free massive gluon
propagator (8.4) has unacceptable behavior in the PT q2 → ∞, limit. It is explicitly shown just in (7.3) and see
Figure 3 as well.
Let us now investigate this problem for the full massive gluon propagator (8.1), combining it with the perturbative
gluon propagator (5.17) in order to construct the expression, having the same ’physics’ as (8.1) on the mass-shell,
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and the same asymptotic as (5.17) has in the PT limit. For this purpose, it makes sense to consider the identity as
follows:
DRµν(q) = D
R
µν(q) − f(q
2/M2g )D
PT
µν (q) + f(q
2/M2g )D
PT
µν (q), (8.5)
where DPTµν (q) is given by the expression (5.17), while D
R
µν(q) is present in (8.1). Here f(q
2/M2g ) is the dimensionless
function of its argument, having no singularity on the mass-shell: otherwise remaining arbitrary, so that on the
mass-shell this function becomes simply arbitrary but finite constant, denoted as A below.
For further purpose let us study the following subtractions on the mass-shell, namely
D∓µν(q) = D
R
µν(q)∓AD
PT
µν (q). (8.6)
We will show that both combinations describe the same ’physics’ on the mass-shell as DRµν(q), while their longitudinal
components are different. This is in complete agreement with the fact that any gauge particle propagator is defined
up to its longitudinal part. Thus from the expressions (8.1) and (5.17) on the mass-shell for the above-present
subtractions, one obtains
D0∓µν (q) = −i
[
1
(q2 −M2g )
∓
A
M2g [Z
−1
3 (0) + Π
r(M2g )]
](
gµν −
qµqν
M2g
)
− i
qµqν
M4g
(ǫ˜ ∓Aλ−1) (8.7)
for their free massive counterparts and where ǫ˜ is defined in eq. (8.3). Let us consider in this expression the term
A
M2g [Z
−1
3 (0) + Π
r(M2g )]
=
A
M2
−→ 0, if M2 →∞ (8.8)
at the expense of the relations (5.18) on the mass-shell, (5.19) and (5.1). Its contribution vanishes as ’bare’ gluon
mass squared M2 goes to infinity, indeed. There is no controversy with the formal M2 = 0 limit, which is to be put
zero by hand, as pointed out at the end of Section III. The ’bare’ gluon mass squared M2 is quadratically divergent
but only regularized quantity. When the UV regulating parameter has to go to infinity at the final stage, it becomes
quadratically divergent as well. Just this has explicitly been shown and used in (8.7)-(8.8), where all other quantities
are finite, i. e., are already renormalized. Thus (8.7) becomes
D0∓µν (q) =
−i
(q2 −M2g )
(
gµν −
qµqν
M2g
)
− i
qµqν
M4g
(ǫ˜∓Aλ−1). (8.9)
Trying to cancel the non-renormalizable behavior of the free massive gluon propagators D0∓µν (q) in the PT limit, one
has to impose the asymptotic condition on the longitudinal component in eq. (8.9) as follows:[
1
q2 −M2g
−
ǫ˜
M2g
±A
λ−1
M2g
]
= 0, q2 →∞, (8.10)
which solution in this limit is
A∓ = ±ǫ˜λ, (8.11)
while the expression (8.9) itself finally becomes
D0∓µν (q) =
−i
(q2 −M2g )
(
gµν −
qµqν
M2g
)
, (8.12)
i.e., remains non-renormalizable, coinciding with (8.4) as expected, in principle. In this connection, let us remind that
in the derivation of (8.4) the mass-shell condition has explicitly been used. In the derivation of (8.12) asymptotic
condition (8.10) has been used, but with the same final result, as need be.
From our analysis it explicitly follows that putting massive gluon propagator on the mass-shell, it fails to maintain
the renormalizable equivalence between q2 → ∞ and M2g = 0 limits, required by the mass gap approach to QCD.
This is true for any their combinations with the massless counterparts, sharing the same transverse (’physical’) and
differentiating only by their longitudinal (non-physical) components. The ghosts degrees of freedom cannot cancel
the longitudinal parts of the massive gluon propagators since these parts do depend on the mass gap as well whether
the dependence is regular or singular, as it happens in the canonical gauge. All this is the result of the inequality
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(3.26). The mass gap (3.33) has been summarized with the help of the gluon SD equation (4.5) into the transverse
and longitudinal components of the full gluon propagator (4.9). Just its presence in the longitudinal component may
prevent the massive gluons to appear as physical states at large distances. For this to happen the relation (3.26) plays
the central role. On the contrary, staying off-mass-shell, the massive gluon propagators keep save the above-mentioned
equivalence at any finite gauge. This means that the massive gluons, though existing in the QCD vacuum, cannot
be emitted from it as free massive states, i.e., to appear at large distances, as underlined just above. The interaction
between quarks due to the exchange of massive gluons is of Yukawa-type, i.e., it is strong and short-range, which
means that one can ’see’ them inside the strongly-interacting particles (hadrons) only. Both these features suggest
that the mass gap approach to QCD indicates at confinement of massive gluons.
It is instructive now to investigate the massive gluon propagator (8.1) in the t’Hooft – Feynman gauge λ˜−1 = 1, i.e.,
within the EGD formalism. Then going to the mass-shell in (8.1) and setting the combination Z3Z˜
−1
3 = 1 again, one
obtains
D0µν(q) =
−i
(q2 −M2g )
gµν (8.13)
for its free massive counterpart and in complete agreement with (5.14). It has the renormalizable behavior at q2 →∞
because of the automatic cancellation of the longitudinal components at the mass-shell in this particular gauge. Just
this cancellation provides smooth M2g = 0 limit in (8.13). Though it is not transverse, but the ’physics’ associated
with gµν and Tµν(q) components is the same. The massive gluon propagator (8.1) in the t’ Hooft - Feynman gauge
λ˜−1 = 1, even being on the mass-shell (8.13), satisfies the boundary condition in the PT limit in Figure 2, and thus
has smooth M2g = 0 limit as well. The massive gluon propagator (8.1) in this gauge is only one exception from the
general picture described above. This principal difference between all other finite gauges and the t’Hooft –Feynman
gauge explicitly shown in (8.3), underlines that the distinction between GGD and EGD formalisms, introduced in
Section IV within the mass gap approach to QCD, is not only a mere convention, but it makes sense, indeed. The
expression (8.13), though satisfying the boundary convergence condition at q2 → ∞ and being on the mass-shell,
nevertheless is not transverse. This means that such fundamental object cannot also appear as physical state at large
distances. However, let us note in advance that the general problem of color gluons confinement can be solved only on
the basis of considering all the possible solutions for the full gluon propagator, especially underlying the importance
of the NP singular one, briefly discussed in Outlook.
Concluding, the regularization prescription i0+ has been omitted in the massive gluon propagators. They are
substantially modified due to the response of the NP QCD vacuum. This prescription is designated for and can be
applied to the theories with perturbative vacua [9, 46]. In the massless perturbative gluon propagators in Section V
it has been omitted for simplicity. Also, it is clear that we are working in the covariant gauges in order to avoid the
peculiarities of the non-covariant (axial) gauges [9].
IX. SUMMARY
We have investigated the gauge structure of the SD equation of motion for the full gluon propagator, in which the
mass scale parameter – the mass gap – appears. It is dynamically generated by the self-interaction of the multiple
massless gluon modes. We identify the dynamical source of the mass gap with the tadpole term, which is explicitly
present in the full gluon-self-energy from the very beginning, i.e., it has not been introduced by hand. However, by
the virtue of the exact SU(3) color gauge invarince/symmetry of the QCD Lagrangian such kind of terms have to
be removed from the full gluon propagator, thus leaving gluons massless. At the same time, any deviation of the
full gluon propagator from the free one requires the mass scale parameter, as underlined in Section III. So one may
conclude that the true role of the mass gap has been hidden in the system of eqs. (3.20)-(3.22), which reflects this
gauge symmetry in the QCD ground state. To reveal the true role of the mass gap the splintering procedure (3.32)
has been proposed. It does not depend on a special gauge choice. It makes it possible to show up explicitly the mass
gap in the full gluon propagator. The splintering procedure has been done in a possible unique way to restore the
gauge symmetry when the mass gap contribution can be suppressed. Its contribution does not indeed survive in the
PT regime, when the gluon momentum goes to infinity, while it dominates the structure of the full gluon propagator
at finite and small gluon momenta. This can be clearly seen from the general expressions (4.6) and (4.8). The mass
gap separates the massive solution for the full gluon propagator from its massless counterpart at any gauge.
Being the part of QCD, the YM gauge theory itself has a mass scale parameter – the tadpole term – to which a
’physical’ meaning can be assigned after the corresponding NP renormalization program has been performed. The
renormalized mass gap or, equivalently, the renormalized tadpole term is nothing else but exactly defined pole mass of
a single gluon. The dynamically generated gluon pole mass looks like very similar to the current mass of a free quark.
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The principle difference is that now we know how it may appear in the full gluon propagator. The dynamical source
of the current quark mass is still remains unknown, though its term is compatible with SU(3) color gauge invariance
of the QCD Lagrangian, while the gluon pole mass term is not.
We have shown that the gauge-fixing parameter for the massive gluon propagator ξ as a function of (q2/M2) is not
arbitrary. It is uniquely fixed up to the gauge-fixing parameter for the free gluon propagator ξ0, see eq. (4.8). The
correct gauge for the massive gluon propagator or, equivalently, the NP massive one (5.8), is only the generalized
t’ Hooft gauge (5.10). It has been just obtained by the summation of the mass gap with the help of the gluon SD
equation (4.5), on account of the ST identity (4.7). The generalized t’ Hooft gauge has the smooth perturbative limit,
M2g = 0 in agreement with the perturbative, q
2 → ∞ renormalizable regime at finite λ˜−1. The distinction between
the GGD and EGD formalisms is not a mere convention but has a physical meaning because of the explicit presence
of the mass gap in the QCD vacuum.
All this made it possible to formulate the mass gap approach to QCD. It is based on the joint investigation of
the color gauge structure of the full gluon SD equation in the explicit presence of the mass gap, complemented by
the derivation of the corresponding ST identities for massive and massless gluon fields. The analytic derivation of
the full massive gluon propagator in the generalized t’Hooft gauge and its renormalization within our approach are
present. Its perturbative limit has also been investigated. The NP renormalization program has been performed in two
steps. The non-renormalizable quadratic UV divergences associated with the skeleton loop diagrams and incorporated
into the quark and gluon constants ∆2q and ∆
2
g, respectively, have been removed from the theory by the developing
self-consistent and gauge-invariant subtraction scheme (complemented by the corresponding transverse conditions)
in Section III. The second step was to formulate MP renormalization program for the mass gap (3.33) itself. This
program renders theory to the renormalizable logarithmic divergences only. In other words, our approach makes the
massive gluon propagator (5.8) MP renormalizable at any finite gauge with the help of the gluon wave function NP
MP renormalization constant (5.5) and the mass gap NP MP renormalization constant (5.2).
One more advantage of our approach is also that now there is no need to solve the gluon SD equation directly.
The general solution for the renormalized massive gluon propagator is given already by the expression (5.8). It is
defined up to the arbitrary invariant function Π˜(q2). Since it may have only logarithmic divergences, then it can be
finally calculated by using the well-known PT technics, and it is not our problem here. Figure 2 directly indicates
the existence of the phase transition at q2 = M2g between the NP and PT regimes in the QCD vacuum. There is
no smooth transition between them when the gluon momentum squared goes from zero to infinity and vice versa.
In other words, this is a phase transition with an essential discontinuity at the point q2 = M2g , since the left- and
right-sided limits are the corresponding infinities. In the mass gap approach to QCD we distinguish between the
scales of the NP and non-trivial PT dynamics in this theory by the explicit presence of the mass gap and not the
strength of the coupling constant. It plays no important role within our approach. It is interesting to note that in the
gauge theory with the mass gap, the coupling constant becomes inevitably ”running”, i.e., depending on q2 as well
as the gauge-fixing parameter (4.8). In the gauge theory without mass gap, both the coupling and the gauge-fixing
parameter are constants. The first one is QCD within our approach, while the second one is QED.
The existence of the massive solution shows the general possibility for a massless vector particle to acquire mass
dynamically in the vacuum without any extra degrees of freedom. In this connection, let us remind once more an
important observation that any deviation of the full gluon propagator from the free one requires the presence of the
mass scale parameter. We consider the tadpole term as such mass scale parameter. That is why there is no need
within our approach to introduce to QCD the mass scale parameter by hand or to extract it from the theory by some
other way. In addition to this, let note that within the mass gap approach the quark, gluon and mass gap terms are
to be considered independently from each other. So the initial decomposition (2.3) makes sense.
The important issue of the peculiarities of the canonical gauge λ˜−1 = λ−1 =∞ for the full massive gluon propagator
has been investigated in Section VII. Within the mass gap approach to QCD the canonical gauge should be abandoned
in this theory as not satisfying to the requested boundary condition because of its two unacceptable features. Firstly,
it makes the gauge particle Green functions non-renormalizable in the PT, see eq. (7.3). Secondly, the gauge-fixing
parameter for the free massless gluon propagator can not be infinite, see eq. (5.23). Neither first no second feature
has physical or mathematical sense.
The another important issue of the behavior of the full massive gluon propagator on the mass-shell q2 = M2g has
been investigated in Section VIII. The mass gap approach to QCD clearly indicates that the massive gluons cannot
appear as physical states at large distances. Being even on the mass-shell, nevertheless the ghost degrees of freedom
will not be able to cancel the longitudinal (un-physical) component of the full massive gluon propagator, since it
remains dependent on the mass gap. This is the result of the inequality (3.26), which played so important in the
formulation of our approach. The massive gluons are to be confined to the QCD ground state and may exist only
inside hadrons, staying off-mass-shell. In other words, by violating the unitarity of the S-matrix in QCD, the massive
gluons cannot be physical states, while representing rather important gluon degrees of freedom in its ground state.
One of the important problems in theoretical physics is the origin of mass [47], and hence the existence of the
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mass gap itself [8]. Our findings provide insights into its dynamical generation at the fundamental quark-gluon level.
Symbolically it is possible to say that the true gauge structure of the QCD ground state has been ”closed” in the
room and the splintering is a key to open it, and thus to reveal the true role of the mass gap. We have shown
that though the exact SU(3) color gauge symmetry of the QCD Lagrangian can be broken down, nevertheless, the
renormalazibility of QCD/YM is not affected. Thus one can conclude that QCD is a spontaneously/dynamically
broken theory in its ground state, but remains renormalizable within our approach. Quite possible that just due to
our claim that the symmetry of the Lagrangian of QCD is not a symmetry of its ground state, it is a self-consistent
quantum field gauge theory. Therefore it needs no extra degrees of freedom in order to dynamically generate a mass.
Unlike the ghost and tadpole terms the gauge-fixing term of the QCD Lagrangian does not explicitly contribute to
the full gluon self-energy, that is why it has been left out of our consideration here.
X. OUTLOOK
The perturbative massless and free gluon propagators can be made transverse by ghosts. So it seems that there is
no mechanism how to prevent them to appear at large distances as physical states. Fortunately, the existence of the
perturbative massless and NP massive gluon states with exactly defined pole masses in QCD is not a whole story yet.
It has been emphasized that the general expression (4.6) is not a solution for the invariant function d(q2), but rather
a transcendental equation. It may have also massless but more severely singular (than (1/q2)) solution at zero gluon
momentum, due to the non-abelian character of QCD. Such solution (can be called as NP singular or, equivalently, NP
massless) also requires the mass scale parameter, which will separate it from the all other ones. It will dominate over
them at large distance as well. It has been investigated in some details of the GGD formalism only in Refs. [9, 48, 49].
Briefly, our primary goal for further work is as follows: we are going to study the massless severely singular solution
or, equivalently, the NP singular one in the GGD/EGD formalism in more detail within the mass gap approach to
QCD. We hope to show that, dominating perturbative massless and NP massive solutions at small q2 (i.e., at large
distances), it will confine quarks to the QCD vacuum and will keep quarks inside hadrons. We also intend to show
how to make the NP singular solution for the relevant gluon propagator transverse in a gauge invariant way, but,
nevertheless, preventing these states to appear at large distances as physical states. This is necessary to explicitly
demonstrate in order to confirm the above-mentioned confining nature of the NP singular solution, while excluding
massless and massive gluons from the physical spectrum within our approach.
Concluding, let us only note in advance that the existence of the mass gap has been investigated within lattice
QCD in recent paper [50]. The pioneering work [51] in which the formulation of a mass gap, or effective gluon mass
has been studied in continuum QCD is to be acknowledged. We will finally complete the description of our approach
to the mass gap in continuum QCD in the forthcoming paper. The comparison of our mass gap with that of JW [8]
is to be discussed there in detail as well. The discussion of other approaches and models for a possible existence of
the gluon mass, for example such as Curci –Ferrari [52], Gribov –Zwanziger [53, 54], the effective gluon mass function
[31, 55], lattice simulations [32] (and see references therein), dual QCD [56] makes sense to postpone until we will
finish the formulation of our approach in the above-mentioned forthcoming paper.
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Appendix A: The non-splintering procedure
The splintering procedure in respect with how to break the exact gauge invariance in the QCD ground state has
been already described in Section III. The only other possible way to do this is presented in this Appendix. Let us
assume that
qρΠ
YM
ρσ (q;D) 6= 0, (A1)
as a whole, i.e. not to splinter it into the two terms as it has been done in the relation (3.32). In the similar way
exploited in Section III, let us begin with the corresponding subtraction
ΠYM(s)ρσ (q;D) = Π
YM
ρσ (q;D)−Π
YM
ρσ (0;D) = Π
YM
ρσ (q;D)− δρσM
2, with ΠYM(s)ρσ (0;D) = 0, (A2)
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where by M2 we denote the sum which appears in eq. (3.17), namely M2 = ∆2YM (D) = ∆
2
g(D) + ∆
2
t (D), for
convenience. The general decompositions of the YM part and its subtracted counterpart into the independent tensor
structures look like
ΠYMρσ (q;D) = −Tρσ(q)q
2ΠYMt (q
2;D) + qρqσΠ
YM
l (q
2;D),
ΠYM(s)ρσ (q;D) = −Tρσ(q)q
2Π
YM(s)
t (q
2;D) + qρqσΠ
YM(s)
l (q
2;D). (A3)
As we already know, the both invariant functions Π
YM(s)
t (q
2;D) and Π
YM(s)
l (q
2;D) cannot have power-type singu-
larities (or, equivalently, pole-type ones) at small q2, since Π
YM(s)
ρσ (0;D) = 0, by definition in eq. (A2): otherwise
they remain arbitrary. On account of the subtraction in eq. (A2) and (A3), one obtains
ΠYMt (q
2;D) = Π
YM(s)
t (q
2;D)−
M2
q2
,
ΠYMl (q
2;D) = Π
YM(s)
l (q
2;D) +
M2
q2
, (A4)
then the YM part becomes
ΠYMρσ (q;D) = −Tρσ(q)
[
q2Π
YM(s)
t (q
2;D)−M2
]
+ Lρσ
[
q2Π
YM(s)
l (q
2;D) +M2
]
. (A5)
Adding now to this expression the quark part (3.9), the full gluon self-energy (2.3) looks like
Πρσ(q;D) = −Tρσ(q)
[
q2Π
(s)
t (q
2;D)−M2
]
+ Lρσ
[
q2Π
YM(s)
l (q
2;D) +M2
]
, (A6)
where Π
(s)
t (q
2;D) = Π
q(s)
t (q
2)+Π
Y M(s)
t (q
2;D). Substituting (A6) into the initial gluon SD eq. (2.1), one arrives at
Dµν(q) = D
0
µν(q)−D
0
µρ(q)iTρσ(q)
[
q2Πst (q
2;D)−M2
]
Dσν(q),+D
0
µρ(q)iLρσ(q)[q
2Π
YM(s)
l (q
2;D)+M2]Dσν(q), (A7)
contrary to (3.27). Contracting both sides of this equation with qµ and qν and doing some algebra using the decom-
positions (4.2) and (4.3), one finally gets
ξ ≡ ξ(q2) =
ξ0q
2
q2 − ξ0[M2 + q2Π
YM(s)
l (q
2;D)]
, (A8)
instead of (4.8). Let us remind that in this expression M2 = ∆2g(D) + ∆
2
t (D), while in the solution (4.8) it is the
tadpole constant itself, i.e., M2 = ∆2t (D) according to the definition (3.33). If the YM part were transverse then
M2 = q2Π
YM(s)
l (q
2;D) = 0, as it follows from (A5), and we would have reproduced the correct limit of the exact
gauge symmetry. The last expression (A8) in the PT q2 →∞ limit becomes
ξ ≡ ξ(q2) =
ξ0
1− ξ0Π
YM(s)
l (q
2;D)
, (A9)
which is equivalent to the formal M2 = 0. However, the arbitrary invariant function Π
YM(s)
l (q
2;D) may have
logarithmic divergences at q2 →∞. So that ξ(q2)→ 0 in this limit, while in eq. (4.8) it goes to ξ(q2)→ ξ0, which is
only one correct.
Concluding, the non-splintering way to break down the exact gauge symmetry in the QCD ground state described
in this Appendix is not acceptable. It has wrong the PT limit, and therefore has to be abandoned. The only correct
way to show the mass scale parameter in the full gluon propagator is the splintering procedure (3.32) based on the
tadpole term as the mass gap.
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